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Calculation of Electromagnetic Energy
Absorption in Prolate Spheroids by the

Point Matching Method
R. RUPPIN

Abstract—The point matching method is used to calculate

electromagnetic power absorption in tissue prolate spheroids irra-
diated by a plane wave. The calculation extends from the low-
frequency region and well into the resonance region, but is restricted

to spheroids of small eccentricity. A strong dependence of the
ahsorption on the orientation and the polarization of the incident

beam is found to occur, in agreement with previous experimental

measurements on animals and phantom models.

I. INTRODUCTION

1

“N THE THEORETICAL analysis of the interaction of

electromagnetic radiation with biological bodies it is

u;ually necessary to resort to simplified geometries. The

spherical model has often been used [1]–[3] because of the

availability of the Mie theory which provides an analytic

solution. Recently, Gandhi [4]–[6] has determined experi-

mentally that there exist interesting polarization effects

which cannot be explained by spherical models. An impor-

tant finding of his measurements was that the resonance

absorption for electric polarization (electric field parallel to

the long dimension of the irradiated body) was much higher

than for the magnetic polarization. The prolate spheroidal

model naturally arises as a candidate for the theoretical

interpretation of such polarization effects. Unfortunately,
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this geometry is analytically tractable only in the quasi-

static limit, i.e., for wavelengths much longer than the

dimensions of the spheroid. A perturbative extension of the

low frequency solution has been employed in the calcula-

tions of Durney et al. [7] and Johnson et al. [8]. Their results

do exhibit polarization effects, but are still restricted to low

frequencies (lower than 30 MHz for man-sized spheroids)

and cannot give information about the important resonance

region.

In this paper we employ a numerical method to calculate

the absorption for higher frequencies, extending well into

the resonance region, but only for spheroids with major to

minor axis ratio not larger than 1.5. The point matching

method used here has been reviewed by Kkerker [9], and has

more recently been applied to the calculation of the scatter-

ing of radio waves from raindrops [10], [1 1]. In the following

section we briefly describe the method, using the notation of

Morrison and Cross [11]. The numerical calculations are

presented in Section III, and in Section IV the results are

discussed and compared with previous experimental results.

II. POINT MATCHING METHOD

We consider a homogeneous prolate spheroid of tissue

which is irradiated by an electromagnetic plane wave of

frequency O. Let a denote the length of the semiaxis in the

symmetry direction and let b denote the lengths of the other
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two semiaxes. We take the symmetry axis of the spheroid to

be along the z axis, and we consider the following three

primary polarizations. 1) Magnetic polarization—the mag-

netic field of the incident wave is parallel to the symmetry

axis. 2) Electric polarization—the electric field of the inci-

dent wave is parallel to the symmetry axis. 3) Cross

polarization—the direction of propagation of the incident

wave is parallel to the symmetry axis.

The incident fields are given by

E; =j exp (ikOx) (1)

H; =
k,

—k exp (ikox)
CO,LIO

(2)

for the magnetic polarization,

E,= –k exp (ikOx) (3)

P;=
k.

—j exp (ikox)
cop~

(4)

for the electric polarization, and

B;= j exp (ikoz) (5)

@ = ‘O— i exp (ikoz)
Opo

(6)

for the cross polarization. Here k. = co(,uo8.)1/2 and i, j, k
are unit vectors along the x, y, z axes, respectively.

The scattered and the transmitted (interior) fields will be

expanded in terms of the spherical vector wave functions

[12]

lll~~(r) = V x (ry~n(6,~)Zn(kr)) (7)

Nmn(r) = ; v x Mmn(r) (8)

The radial functions Zn(kr) are j~(ki r) for the transmitted

wave and h~(ko r) for the scattered wave, where j. and hn are

spherical Bessel and Hankel functions, respectively. Here

k; = COAO(08+ to) (9)

where: and o are the dielectric constant and the conductiv-

ity of the spheroid.

The fields of the scattered wave are expanded in the form

F = – ~ ~‘ (amnkf~n + b~nN~n) (lo)
m=–m nzlml

iko
Hs=— f ~’ (a~.N*n + b..~mn) (11)

~Po m=–m .>lml

where the prime denotes that n = O is excluded from the

summation. The fields inside the spheroid are expanded in

the form

cc

The fields given by (10)–(13 ) satisfy Maxwell’s equations in

the regions in which they were defined. The incident fields

(l)-(6) are expanded in a Fourier series

m
14)

15)

where q = h, e, c specifies the polarization (magnetic. elec-

tric, or cross). The expansion coefficients for the magnetic

and electric polarizations are given by

‘mh(r8)= gm(r,o) /tmh(r,O) = – ~~(r,O) (16)

where

fm(r,6)= im(J~(ko r sin O)(sin 19io- cos Oi,)) (18a)

[

m.J~(ko r sin (3)
g~(r,e) = – im

k. r sin 9
(sin (3, + cos f3i@)

+ iJ~(ko r sin @)i@
)

(18b)

and JM is the Bessel function of the first kind of order m. For

the cross polarization only the m = f 1 terms are different

from zero, and they are given by

i k.
ht ,C(r,6) = ~- — eikor ‘Oso

2 COjlo

~ (T i(sin Oi, + cos (lie) + io). (20)

The coefficients a~n, b~n, Cn,n,and d~n will be determined
from the boundary conditions at r = R(O), where R(O)

defines the surface of the spheroid and is given by the

equation

(sin2 O

)

COS26 -1’2
R(o)= ~+~ “ (21)

Requiring the tangential components of the electric and the

magnetic fields to be continuous we obtain the equations

where all the field components are evaluated at r = R(O).

Because of the axial symmetry these boundary conditions

yield a separate set of equations for each value of m. In the

point matching method the summations over n in (10)-(13)
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are truncated at n = N, say, and for each value of m (up to
sc,me large enough M) the boundary conditions (22)-(25)

are imposed at .s= N – m + 1 – C$mopoints, i.e., ats differ-

ent values of 0. This yields a system of4,s linear equations for

the 4s coefficients am., b~n, c~n, d~n.

After solving the system of linear equations, we can

calculate the various cross sections. The extinction cross

section is given by [11]

where, for the magnetic polarization

Q= f XI (–i~+’
m=–m n>lml

(26)

( dPjml(cos u)+ b
a~n

du
JPpl(cos CK)

)
(27)

‘“n sin z

evaluated at CY= 7c/2.For the cross polarization Q is given by

(27), but evaluated at ~ = O. For the electric polarization

evaluated at M = n/2.

The scattering cross section is given by

“.=$ f x’
n(n+l)(n+ Ire\)!

~ ~_-~.zl~l(2rr+l)(n- Ire])!

(laMn\2 + lb~nl’) (29)

and the absorption cross section, which is of main interest to

us, is obtained from

oa = of — 0,. (30)

The criterion for the choice of N,M at which the summa-

tions (10)–(13), (27)–(29) are truncated is that the cross

sections converge to within a prescribed accuracy.

III. iWUMERICAL CALCULATIONS

We have applied the point matching method described in

Section II to the calculation of the absorption cross section

of prolate spheroids of volume equal to that of a man

weighing 70 kg. The conductivity and the dielectric constant

of the spheroid material were taken to be those of biological

tissues with high water content, as given by Johnson and

Guy [13]. From the absorption cross section a. we obtain

the average absorbed power per unit volume P using the
relation

P = aa(s/v) (31)

where S is the magnitude of the Poynting vector of the

incident beam and k“ is the volume of the spheroid. An

incident power density of 1 mW/cm2 is assumed throughout.

The point matching method works best for small eccentri-

cities. This could be expected, since all the expansions are

20 – ~u=-

F

c

“’E:,6

3
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Fig. 1. Frequency dependence of average absorbed power density in a

muscle prolate spheroid with a = 0,297 m, a/b = 1.25, V = 0,07 m3, and
incident power density of 1 mW/cm2. P,— electric polarization,
Pk–--magnetic polarization, P,---cross polarizatic,n, The dashed curves
show the results obtained from the long wavelength theory.
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Fig. 2. Frequency dependence of average absorbed power density m a
muscle prolate spheroid with a = 0.335 m, a/b = 1.5, V = 0.07 m3, and
incident power density of 1 mW/cm2. P.—electric polarization,
P*—magnetic polarization, P,—cross polarizaticm. The dashed curves

show the results obtained from the long wavelength theory.

made in terms of spherical wavefunctions, so that the

convergence is better the smaller the deviation from spheri-

cal shape. As the eccentricity increases the convergence of

the sums becomes slower, and the size of the system of

equations has to be increased, which in turn increases the

difficulty of obtaining reliable numerical results. We have

found the method to be of little practical value for major to
minor axis ratio larger than about 1.5. This is smaller than

the ratio which would correspond to a man model, yet it is

large enough to exhibit the polarization effects which are of

interest. The calculated average absorbed power densities

for the three polarizations are shown in Figs. 1 and 2 for
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major to minor axis ratio of 1.25 and 1.5, respectively. The

high-frequency cutoff of the calculations was again dictated

by the convergence becoming too slow. The cutoff is lower

for the larger eccentricity. The frequency range covered by

the calculation does, however, extend into the resonance

region and the important polarization effects in this region

are clearly seen. For comparison we have also shown in Figs.

1 and 2 the absorption calculated from the long wavelength

theory employed by Durney et al. [7]. According to the

expressions used by them, the average absorbed power

density for the three polarizations is gNen by

Ph = ~ak~ V((B/CTqO)2 + b2/10)

P,= ~ok~ V((B’/oqO)2 + a2b2/5(a2 + b’))

PC= ~ak~ V((B/fJVO)2 + a2b2/5(a2 + b’))

where

1

(

U’
B=— —

)

U+l –1
–~ln —

U2–1 U2–1 2 u–1

1

(

U+l

)

–1

B’=— ~ln — –1
tl’-l 2 u—1

u=(a’ -ab2)’/2“

(32)

(33)

(34)

(35)

(36)

(37)

From Figs. 1 and 2 it can be seen that the long wavelength

method is reliable only for frequencies lower than about 20

MHz.

IV. DISCUSSION AND CONCLUSIONS

We have found that the point matching method enables

the calculation of the absorption in tissue spheroids of

moderate eccentricities and over a frequency region which

extends into the resonance region, up to k oL e 4, where

L = 2a is the long dimension of the spheroid. To our

knowledge, this is the first calculation in which the prom-

inent resonance for the electric polarization, shown in Figs. 1

and 2, has been obtained. Qualitatively similar curves have

been previously given by Gandhi [4]-[6] and were based on

measurements performed on rats, mice and biological-

phantom prolate spheroidal bodies. Gandhi has concluded

that the absorption at resonance for the electric polarization

is larger by a factor of about 10 than for the other two

polarizations. If we extrapolate our results for the region

afb <1.5 to a/b - 5–6, as in Gandhi’s experiments, we also

obtain an order of magnitude difference between the electric
polarization and the other polarizations. As to the position

of the strongest resonance, Gandhi [6] has estimated it to be

at k. L m 1.0 to 1.6, whereas in our calculations it is found to

occur at k. L m 1.1. Gandhi has also concluded that the

absorption in the case of cross polarization is only slightly

higher than for the magnetic polarization, in agreement with

our results. Our curves indicate the existence of secondary

absorption maxima at higher frequencies, although the

information we can extract about these is rather limited,

because of the high-frequency cutoff of the calculation.

The experimental data of Gandhi [4] also exhibit secondary

resonances.

Finally, we note that we have also performed calculations

of the spatial distribution of the absorbed power. We have

found that for the spheroids discussed in this work the

maximum occurs at the leading surface. This could be

expected from the analogous situation for spheres, where

internal hot spots do not occur for spheres of radius 10 cm,

or larger [1].
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